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1 Introduction 

The problem of time is now considered as one of the deepest problems in quantum 
cosmology.'^' It has many complicated aspects and is still controversial, though 
many ideas have been proposed to solve it.'^'^' Usually, the Wheeler-DeWitt equa- 
tion is considered as the fundamental equation in quantum cosmology.'*' However, 
because the Wheeler-DeWitt equation is a hyperbolic second-order differential 
equation (the Klein-Gordon type), there is a problem in the naive interpretation 
that |\l'p is a probability, where \1/ is a solution to the Wheeler-DeWitt equa- 
tion. One of the proposed ideas to solve this problem is the third quantization 
in analogy with the second quantization of the Klein-Gordon equation j""^'^' 

The Kaluza-Klein theory is one of unified theories of gravity and matter 
fields. '^"^^ In this theory it is assumed that the space-time has higher dimensions, 
the higher- dimensional space is a product of ordinary (external) space and inter- 
nal space, and the latter is small, which is called compactification. The gravi- 
tational field and matter field are contained in the metric tensors of the higher- 
dimensional space-time. The quantum cosmology of the Kaluza-Klein theory has 
been studied by many authors, '""^^' and the third quantization of it has also been 
studied .^3-26] However, as far as the present author knows, the idea of the third 
quantization has not been utilized directly to explain the compactification. 

In this paper we will examine the third quantization of a Kaluza-Klein cos- 
mology, in which time {x) is defined by the scale factor of universe, and the space 
coordinate {y) is defined by the ratio of the scale of the ordinary space and that 
of the internal space. And we will calculate the number density of the universes 
created from nothing. The compactification could be explained statistically, if 
many of universes created from nothing had such y that means compactification. 
We will find that there is a possibility to explain the compactification, when both 
the external and internal spaces are three-dimensional fiat space i?^ . 

In §2 we will consider the quantum cosmology of a Kaluza-Klein toy model, 
which will be third quantized in §3. In §4 we will calculate the number density of 
universes created from nothing, and in §5 we will examine the possibility to ex- 



plain the compactification statistically through the idea of the third quantization. 
We summarize in §6. 

2 Quantum Cosmology of Kaluza-Klein Toy Model 

Let us start from a (l+n+m)-dimensional space-time. We consider the following 
minisuperspace model in which the (n+m)-dimensional space is a product of a 
space with n dimensions and a space with m dimensions. '"'^*'^^~^'^' The metric is 
assumed to be 

= -N^{t)dt^ + a\t)gf,^dxf'dx'' + b\t)gmndx"'dx'' . (1) 

Here N{t) is the lapse function, a{t) and b{t) are the scale factors of the two 
spaces, Qmn are the (H-n+m)-dimensional metric tensors, and g^i,, gmn are metric 
tensors of M", M™, respectively, where M" is S"', i?" or iJ". The Einstein action 
with a cosmological constant A is written as 

S = jd'^-^-x £ , C= ^ v^(i? - 2A) . (2) 

Substituting Eqs. (1) into Eqs. (2), we have 
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where Vnm = Jd"-+"'xy/gg, g = detg^y, g = detcjmn, d = ^ and A;„ = 1, 0, -1 
when M" is S*", -R", if", respectively. 

Since the action (3) is not diagonal with respect to a, b, we change variables 
as 

a = r-f"", b = r7-" , (4) 



where r is a scale factor and 7 determines the ratio of a/h. With these variables 
the Lagrangian (3) becomes 
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Then the Hamiltonian reads 



H = NH , 

n = 



1 pj , 7' P7 



2 p2 



2cr r"+™-2 2ct, r"+^ 
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where Pr = %: = — CrA^~V"'+™'~^f , p^ 

From the Hamiltonian constraint 7i ~ , we obtain the Wheeler-DeWitt 
equation, 
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where \E'(r, 7) is a wave function of universe, p^q are parameters of operator 
ordering. Changing variables by 



r = e"", 7 = e^ , 



(7) 



where x and y determine the scale of universe and the ratio of two spaces, re- 
spectively, we obtain 
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If we choose p = 1, 



: 1 , Eq. (8) becomes 
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^{x,y)=0 



(9) 



The Wheeler-DeWitt equation (9) is the Klein-Gordon type, and |^p is not 
conserved. Therefore, there is a difficuhy in the naive interpretation that |\E'p 
is a probabihty. We will investigate the third quantization of this model in the 
next section. 



3 Third Quantization 

Let us regard x as time and y as the space coordinate. The third quantized action 
to yield the Wheeler-DeWitt equation (9) is 
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The canonical momentum is given by 
and the Hamiltonian reads 
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To quantize this model, we impose the canonical commutation relations 



[^ix,y),U^{x,y')] 
[^{x,y),^{x,y')] 



iS{y - y') , 
[n*(x,i/),n^(a;,|/')] = 0. 



;ii) 



Let us write a complete set of normalized positive frequency solutions of Eq. (9) 
as {up{x, y)} , where p labels the mode function and Up satisfies the normalization 
condition. 

Using these normal modes, we expand \l'(x, y) as 



^(a;,!/) = dp[apUp{x,y) + ajM*(x,i/)] , 



(13) 



where a^ and aj^ satisfy 

K, aj] = S{p - q) , [Op, aj = [aj, aj] = . 



(14) 



Therefore, Op and aj^ are annihilation and creation operators of a universe with 
j9, respectively. The vacuum state |0) is defined by 



ap|0) = for Vp , 
and the Fock space is spanned by aLcip^ ' ' " |0) • 



(15) 



4 Universe Creation from Nothing 

Since the potential V in Eqs. (6) is time (x) and space (y) dependent, universes 
are created from nothing. ''^•^'''^^' In order to see this and for simplicity, let us 
consider the case that both the ordinary space and the internal space are flat 
{kn = 0,km = 0) .[24-26] ^^Q assume that Vnm is some properly fixed finite constant. 
In this case Eq. (9) is 
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-A . The normal mode function Up{x,y) of Eq. (16) can be 



calculated as 



Upix,y)=AfpZ±,iz)e'^y , 
where we have assumed A > , z 
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(17) 

■|j9| , ATp is a 

normalization factor that satisfies Eq. (12), Z^ is a Bessel function, and p can be 
regarded as a canonical momentum of y . 
We define in-mode function u^^i^x^y) as 
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which satisfies 
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when X — > — oo . The expansion of ^ is 

^(x, y) = J dp \a';u';{x, y) + a^^^wf *(x, y)] , 
and the in vacuum |0,m) , which we regard as "nothing", is defined by 

a;™|0,m) = forVp. 
In the same way we define out-mode function u°^^{x, y) as 



u°;\x,y) 


= Ar;"*iJrj(z)e^P^ , 
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when X — > 00 .|^ The expansion of \1/ is 

^{x, y) = J dp [a;-'u;-\x, y) + a°"*^w°"** (x, y)] 
and the out vacuum |0, out) is defined by 

a°"*|0,OMt) = forVp. 



(19) 



(20) 



(21) 



The Bogohubov coefficients Ci{p,q) {i = 1,2) are defined by 

<(x,i/) =|rfg[ci(p,g)<"(x,y)+C2(p,gX*(x,y)] . (22) 

Using the relation H^^l{z) = ^[e-'--J_^{z) - J,{z)] and Eqs. (18), (20), (22), 
we can calculate Ci{p,q) as 
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tif we choose hI'[z) instead of i/ij(z) in Eqs. (20), Eqs. (21)-(33) will not change, but 
the adiabatic vacuum |0, adia) in Eqs. (36) corresponds to H_l{z). 



The number density of the universe with p created from nothing is defined as 

AtW = (0, in la^^^'^a;"* |0, in) . (24) 



From Eqs. (19), (23), (24) we obtain 
iVW= fdq\c2ip,q)\'^ 



1 



exp 
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n + m\J c^ 

where we have omitted an irrelevant constant. '^■*~^'*' Note that this is a Planck 
distribution with respect to |p| . 



5 Compactification of Internal Space 

Now let us examine whether the compactification can be explained directly from 
the third quantization or not. In order to know the number density of created 



universe with respect to y , we define the operators a°"* as 
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which satisfy 
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We can regard a°" and a°" as the annihilation and creation operators of a 
universe with y, respectively. Then the number density with respect to y can be 
defined by 

iV^o) = (0,2n|a;;"*^a;;"*|0,?n) . (28) 

Using Eqs. (19), (23), (26), (28), we find 
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(29) 



where Cm is a constant which does not depend on y . If we define 

a = e" , 6 = e^ , 5 = \a - (3\ , T = e\ (30) 

these equations and Eqs. (4), (7) mean 

\ T (a > &) 

a-l3={n + m)y , r= , (31) 



(a<6) 



that is r represents the ratio of the scales of the larger space and the smaller 
space. Then we can calculate the number densities N^ , A^p with respect to 5, T 
as 

^ do do n + m 

N?^ = iVr^ = ^^^ (r>l). (32) 

^ ^ dr n + mV ^ - ' ^ ' 

Hence, for any finite Fq , we obtain 

ProbiTo < r < oo) _ j.^ £- ^r 1 _ j.^ InT^-lnTo^^ 
Pro6(l < r < To) ri^^ J^o ^y i ri^^ InFo ' ^ ^ 

where Prob is a probability. This result means that many of the universes created 
from nothing have a large ratio of the size of two spaces. Note that in this toy 
model the two spaces are completely symmetric. Therefore, if we assume n = m 
= 3 (M^ = R^) and regard the greater space as the ordinary (external) space 
and the smaller space as the internal space, there seems to be a possibility that 
the compactification can be explained statistically.^ 

However, there remain some problems in the above discussion. First, let us 
take another model where, for example, n=3 , m=l , the three-dimensional space 
is flat (M^ = R^, ^3 = 0) and the one-dimensional space is a circle (M^ = S^,ki = 
1). In this case Eq. (9) becomes 
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■l-Many ideas have been proposed to explain the compactification, '^''' but this possibihty is a 
new one to explain it statistically.'^**' 



with Ca = M^^j A , and the same results as Eqs. (29), (33) hold. In this model 
we must regard the flat space R^' as the external space and the circle S^ as the 
internal space. Then Eqs. (29), (33) mean that there are both many universes 
which are compactified and those which are not compactified. Therefore, our 
discussion is model dependent. If we will be also able to obtain the same result 
as Eqs. (33) , in a more realistic model, for example, with n = m = 3 and 
M^ = S^ , k^ = 1 , then there will be a possibility to explain the compactification 
statistically in this case. It will be also interesting if the compactification can 
be explained when the space-time has the topology -R x S*^ x S*'^ x S^ in ten 
dimensions. In this case, it will be required that one space S^ is large and two 
other spaces S^ x S^ are small. So it seems that further investigation will be 
necessary on more realistic models. 

Second, thus far we have interpreted Eq. (16) as a field equation in a flat 
metric, ds^g = —dx^ + dy"^ , y = .f^ y , with a time dependent potential 
c^e'^("-+"^)^ , However, Eq. (16) can be also regarded as a field equation with a 
mass ^/ca in the Milne metric, 

ds% = e2("+™)"(-dx2 + df) = -dr^ + r^dx^ = -dX^ + dY^ , 

(n - ca)^ = e-2(«+'»)^ [_ + TT^ - CAe2("+'")^l ^ = , (35) 

L ox'^ oy^ J 

where r = :^T^e*^"~'"™)^ = — 1=, X = (^ + ^^)y ! ^ = rcosh^, Y = rsinhx , and 

□ is a d'Alembertian in the Milne metric j^^'^^i 

Following Ref. [27], let us define two vacua: 

|0, con/) = |0,m) , \0,adia) = \0,out) .'''' (36) 

According to Ref. [27], the first vacuum |0, conf) becomes the conformal vacuum 
in the limit A — * , the second vacuum \0,adia) is the adiabatic vacuum and a 
comoving observer who has proper time r oc X will see no created universe in 
this vacuum. So, if we choose \0,adia) as the initial state , no universe will be 
created and compactification will not be able to be explained even in the case 
that n = m = 3 and M^ = R'^,ks = 0. It seems that further investigation will be 
needed on which vacuum should be preferred. 
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6 Summary 

We have studied on the third quantization of a Kaluza-Klein toy model, in which 
time (x) is defined by the scale factor of universe, and the space coordinate (y) 
is defined by the ratio of the scales of the ordinary space and the internal space. 
We calculated the number density of the universes created from nothing and 
found that there is a possibility to explain the compactification using the third 
quantization, when both the external and internal spaces are three-dimensional 
flat space R^ . However, our discussion is model dependent, and further study 
will be necessary. 
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